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HIGHER-ORDER-MODE EFFECTS ON THE APERTURE ADMITTANCE 

OF A RECTANGULAR WAVEGUIDE COVERED WITH 

DIELECTRIC AND PLASMA SLABS 

By C. R. Cockrell 
Langley Research Center 

SUMMARY 

Variational expressions of the admittance of a rectangular aperture covered with 
homogeneous material are derived. 
to be a dominant mode plus the first higher-order symmetrical mode. Admittance expres- 
sions are also given for  semi-infinite media. 

The electric field inside the waveguide is assumed 

Admittance calculations for polystyrene slabs are given. 
shown to agree closely with the results given in the literature. 
tions for lossy plasma slabs with electron densities both above and below the critical 
density. 
be considered semi-infinite, particularly for  overdense plasmas. 

These calculations are 
Also given are calcula- 

1 For  plasma slabs approximately equal to o r  greater than - ho, the medium can 3 

For changing slab thickness, the field of the higher-order mode has a greater  effect 
on the admittance in the dielectric slab than in the plasma slab. However, this effect is 
small; hence, only the dominant-mode field is needed for computing aperture admittance. 

INTRODUCTION 

The input admittance of a waveguide-fed rectangular aperture, opening onto a diel- 

The variational expressions derived by most of these authors have assumed the 
ectric o r  plasma-coated ground plane, has been investigated by many authors (refs. 1 
to 8). 
TEOl mode only as a trial field a t  the aperture. In papers by Galejs (refs. 1, 2, and 5), a 
trial field in the aperture was assumed to be a superposition of a sine wave and a shifted 
cosine wave. The expressions for  the aperture admittance obtained from this trial field 
were also variational; however, the infinite ground-plane structure was approximated by 
a large waveguide. 
which assumes the dominant TE mode plus higher-order odd modes may adequately 
represent the field in the aperture. 
TEO5, and so forth) needed to describe the trial field for  accurate admittance calculations 
is not presently available. 

The symmetry of the problem suggests that a variational solution 

The number of these higher-order TE modes (TE03, 
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The investigation herein concerns the input admittance of a rectangular aperture 
terminated in a flat ground plane covered with a slab of homogeneous material and 
assumes the dominant TEOl mode plus a higher-order evanescent mode at the aperture. 
The variational technique used to determine the admittance expressions is s imilar  to the 
one appearing in reference 6; that is, the fields in the slab and free-space regions are 
derived from both the magnetic and electric vector potentials. The admittance expres- 
sions a r e  then divided into two components; namely, TE admittance and TM admittance. 
These expressions a r e  integrated numerically for  a nonlossy dielectric and for lossy 
plasmas in which the electron densities assume values both above and below the critical 
density. 

The problem of how thin a layer of plasma can be approximated by a semi-infinite 
layer is also of interest because the admittance expressions for semi-infinite conditions 
a r e  simpler. Such considerations have been limited to nonlossy, underdense plasmas 
(ref. 3). 

SYMBOLS 

Alm(a,&) general representation of equations (21) 

a short dimension of waveguide 

b long dimension of waveguide 

C O , C ~ , C Q  functions defined in equations (6) 

E electric field intensity 

E O  amplitude of incident wave 

f(P,z) ,g(P,z) normalized Fourier transforms of vector potential 

surface-wave conductance gS 

surface-wave conductance where n r e fe r s  to specific poles gs, n 

H magnetic field intensity 
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I reaction integral 

j = J-1 

k2 = (N2 - 1)kg 2 2  Z o  

k12,k22 

k0 wave number in free space, W ~ K  

kx7ky 

k ~ ,  0 1 k ~ ,  03 

values of k2 for specific values of Z o  

Cartesian components of wave number 

wave numbers in region (defined in eqs. (2)) 

-11 
kZ 

kZ 
-111 

N 

P7 Q 

R 

t 

U 

V 

X,Y 7 5 5  

YO 

y01,y03 

wave number in region I1 

wave number in region I11 

index of refraction, d* 
defined by equations (A14) 

amplitude of TE03 mode 

time 

real par t  of relative permittivity in plasma 

imaginary par t  of relative permittivity in plasma 

Cartesian coordinates 

characteristic admittance of free space 

characteristic admittance of the TEOl and TE03 modes, respectively, in 
region I (defined in eqs. (2)) 

aperture admittance 
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t e rm defined by equation (16) Yl m 

YO3 
y03 normalized value of Yo3, - 
yo 1 

normalized aperture admittance 

normalized expression for Ylm, - yz m 
yo 1 

Yap 

Yl m 

Z = k o Z o { n  

Z O  

@,P 

Pn 

r 

€ 0  

€ 1  

€ 1  

€ R  

A0 

E-LO 

V 

w 

thickness of slab 

polar component for  - kx and -, kY respectively 
ko ko 

surface-wave pole 

reflection coefficient 

permittivity of f r ee  space 

permittivity of region I1 

imaginary par t  of permittivity in dielectric 

real  par t  of permittivity in dielectric 

free-space wavelength 

permeability of f r ee  space 

angular collision frequency 

angular operating frequency 

angular plasma frequency 

Superscripts: 

I waveguide region 
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I1 material slab region 

TE transverse electric 

TM transverse magnetic 

Subscripts: 

Zm integer number combination (11, 13, o r  33) 

X,Y ,Z  direction components of Cartesian coordinates 

A double bar over a symbol indicates a double Fourier transform. A prime denotes 
a derivative with respect to  one of the Cartesian coordinates. 

THEORY 

A rectangular waveguide is terminated in a flat ground plane of infinite extent in 
both the x and the y direction. A slab of homogeneous dielectric material of thick- 
ness Z o  is assumed to cover the ground plane as well as the open-end waveguide. The 
geometry of the problem which is divided into three regions is shown in figure 1. 

In region I, which is the region inside the waveguide, a TEOl mode is assumed to be 
incident upon the aperture f rom the left. The discontinuity at z = 0 excites reflected 
modes both propagating and nonpropagating. 
to be incident upon the aperture, only a reflected TEOl propagating mode is excited. 
Higher-order nonpropagating modes (evanescent modes) are excited but because of the 
symmetry only odd modes exist. 
assumed to be present. 
assumed, the fields in region I (waveguide) are written 

However, since the TEOl mode is assumed 

For  this problem only the TE03 evanescent mode is 
From the foregoing assumptions and with ,jot t ime dependence 

jkz,O1z) TY j k ~ , 0 3 z  cos- 3ny 1 cos - + Re ( -jkz,Olz + re 
E,I(Y,Z) = Eo e b b 

H y I W  = YO1Eo ( e -Jkz,01z - re jkZ,OlZ) cos  - .rry b - Y03Re jkz,O3’ cos 2. b 
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where 

kz,ol = ko/- 

yol  = yo/- 

The tangential components of E and H a r e  continuous across  the boundary 
z = 0; that is, 

E:(O) = E:I(O) 

EyI(0) = Ey"(0) 

HxI(0) = Hx"(0) 

Hyl(0) = Hy1'(O) I 
From Swift (ref. 6) the electric fields of equations (3) a r e  rewritten as 

Hence 
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where 

kXa a sin- 
- 2 - 

k,a 
2 

k b  
27rb cos 1 

2 
7r2 - (kyb)2 

b/2 

Cl(ky> =J-: ejkyycos dy = 

Y 
2 

- 6 ~ b  C O S  
ejkyYcos 2 dy = 

b ( 3 7 ~ ) ~  - (kyb)2 

= I1 
Hy From reference 6, the double Fourier transform of the magnetic field 

in t e rms  of Ex as 

is written 
= I1 

where, for homogeneous media, the boundary conditions at z = Z o  and z = 0 give: 

-11 kz s i n s I 1 Z  - j ~ l l l c o s ~ l l Z o  
g'(0) - 0 -- 
g (0) -11 . GI11 

k,II 
cos k, Zo + j : sink,IIZo 

where 

- 
cos k,I1Z0 + 

-11 -11 k, sin k, Zo j E l -  k2"cosK1'Z4 
0 

-11 k, = * / w  2 pOe - (s2 + k g )  (kx2 + ky2 < w 2 p O ~  1)} 

(Equations continued on next page) 
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I 

--I= kz - - Jk02-0 
-1II 

Since tangential E and H are continuous ac ross  the boundary z = 0, the reac- 
tion integral (ref. 9) is also continuous; that is, 

The reaction integral due to the fields inside the waveguide is determined by substituting 
equations (1) and (2) into equation (9) and performing the integration. The reaction inte- 
g ra l  becomes 

(10) 
2 ab 2 ab I = YOIEo (1 + r)(i - r)- 2 - Y ~ ~ R  

By defining (ref. 9) Yap as 

1 -1-  
= yol  l+r 

equation (10) is written as 

I + YO3G2 2 1 
yap = E02(1 + r ) 2  

By applying Parseval 's  theorem, the reaction integral due to the fields inside region I1 
at z = 0 becomes 

= I1 = I1 
where E, and Hy a r e  the double Fourier transforms given by equations (5) and (7), 
respectively. 

The aperture admittance found by substituting equations (5), (7), and (13) into 
equation (12) is 
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Yap = - j  a b ( 2 7 ~ ) ~  2yoko2 1 -00 O0 1 -00 O0 ~ ~ l ( k y ) C l ( k y )  k, + ky + 2GCl(ky)Cg(ky) + G2C3(ky)C3(kd 

Equation (14) may be written as 

Yap = ~ 1 1 +  2 ~ ~ 1 3  + (y33 + ~ 0 3 ) ~ '  

o r  

where 

(Zm = 11, 13, or  33) 

The normalized aperture admittance is stationary (see ref. 8) and, therefore, 

(16) 

and 

Substituting equation (17) into (15) yields 

y13 

y33 y03 
yo 1 

y o 1  y o 1  
+- - 

2 
y13 - - - -  y1 1 = y  - 

y o 1 +  yo1 
yap yol - y33 y03 l1 y 3 3 + y 0 3  

By making the change of variable kx = k@ cos a and ky = kop sin a, the normalized 
admittances a r e  written explicitly as 
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The expressions yll,  ~ 1 3 ,  and y33 represent the following sums of TE and TM 
admittances 

yTE = -Im 12%- All(a!,p)sin a! 
l1 0 0 

(Equations continued on next page) 



where 

L 

2k02ab[i!- kopa cos a! 

Yo1 kopa cos a! 

2 2  

A13(0,6) = - j  - 
- 
YO 

2 

A33(~ ,P )  = - j  

y g L - -  2 J 

k pb s in  a! 
- . -3 cos( O ) 

____ ~ 

t 3 ~ r ) ~  - (koPb sin 97F2 - (kopb sin Q!)?J 

The integrands of equations (20) must be examined carefully for  singularities in the range 
of integration before evaluation of the integrals can be performed. No singularities occur 
over the range of a!, but over the range of p two types can occur; namely, branch points 

and poles. The singularities are contained in the ratios 
kOf(P, 0) g'(P,O) and 

kog(P,O) f ' (P,O) 
(ref. 6). 
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In the region on the real axis where those poles exist, the numerical integration is per- 
formed symmetrically about each pole so that the integrals of the integrand on either 
side of the poles cancel each other; that is, the integrand is antisymmetrical about each 
pole (ref. 7). 

For lossy materials (N2 complex), the integration of equations (20) presents no 
difficulties except at the branch point p = 1 where a proper root change of d g  
must be taken into account. However, for nonlossy materials the index of refraction N 

is real, and thereby poles exist on the real p axis. A complete discussion of the inte- 
grating problems is given in the appendix. 

In Swift's paper (ref. 6 ) ,  where only the dominant TE was considered, two integrals 
had to be evaluated; one for the TE admittance and one for  the TM admittance. The 
evaluation of the admittance with the higher- order  mode assumed requires  six integrals; 
three TE integrals and three TM integrals. 

In tables I and 11, a summary of admittance expressions for both lossy and nonlossy 
conditions of plasmas and real  dielectrics is given. Similar tables for a single-mode 
assumption in the aperture a r e  given in reference 6. 

RESULTS 

Equations (18) and (19) were numerically integrated for a given set  of parameters  
for  both lossy plasma and lossless dielectric slabs. In each case the self admittance 
(dominant-mode admittance) and aperture admittance (admittance with a higher- order 
mode assumed) were computed by varying the thickness of material for a given set  of 
parameters;  X-band waveguide dimensions (a = 1.016 cm and b = 2.286 cm) were used. 

For the lossy plasma case, the complex index of refraction given in equation (Al5) 
is used in equations (19). 
quency, the plasma frequency, and the operating frequency. To investigate the manner in 
which the admittance var ies  as the losses  increase or decrease, three collision-frequency 
ratios, 
admittance was calculated and plotted as a function of material thickness for three plasma 

ratios, (2)2 = 0.6, 1.2, and 4.0, in figures 2, 3, and 4, respectively. All admittance cal- 
culations for the plasma cases  were made by assuming an operating frequency of 10.0 GHz. 
The semi-infinite admittance values a r e  also shown in these figures. The differences in 
the aperture admittance and self admittance a r e  very small; and therefore, difficult to 
indicate graphically. Hence, a sample of these admittances is tabulated in table 111. 

For the lossless dielectric case, equations (18) and (19) were again integrated 

This index of refraction is dependent upon the collision f re -  

v/w = 0.004, 0.04, and 0.4, were chosen. For each of these ratios, the self 

numerically but with the index of refraction eqilal to a rea l  number, independent of f re -  
quency. The relative dielectric constant N2 of the material covering the rectangular 
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aperture was chosen to  be 2.55. 
10.5 GHz. 
as a function of material (polystyrene) thickness are shown in figure 5 which also includes 
data obtained from reference 5. 

The operating frequency fo r  these calculations was 
Plots of the dominant-mode and the higher-order-mode aperture admittances 

The normalized electric field distribution across  the aperture is given as 

35Y cos - y13 
5733 +- y03 b 

y13 
y33 -I- y03 

where ~ 1 3  and y33 are determined from equations (19). In figure 6, equation (22) is 
plotted for  several  slab thicknesses of polystyrene. 
only the dominant mode assumed is also included in this figure. 
tributions for  varying plasma densities are shown in figures 7 and 8. 

The electric field distribution with 
The electric field dis- 

The aperture-admittance equations for  a semi-infinite medium a r e  obtained from 
equations (19) by allowing the thickness 
described by Deschamps (ref. 10). 

Zo to approach infinity or  by using the method 
These equations are written explicitly as 

y11 - j  
2k02ab 

yo 1 
YO 
- r p=0 

L 2 

~ 1 3  = - j  

X - + 

- 

(Equations continued on next page) 
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- 

x - s i n 2 a ! ( - j , i n )  + cos2a(/ y2 .) 
N - 6  

pdp da! 

' (23) 

where the semi-infinite medium can be either a dielectric or plasma with a rea l  o r  com- 
plex relative dielectric constant N2. Since a branch point now occurs at p = N, a proper 
root change must be made in accordance with equation (16). 
can then be substituted into equation (18) to obtain the total aper ture  admittance. 

The resulting integrations 

For plasma thicknesses greater  than 1 centimeter , equations (23) can be used 
This approximation to compute the admittance, particularly for  the 

can be observed in figures 2, 3, and 4. 

DISCUSS ION 

The previously derived expressions of the admittance of a rectangular aperture 
covered with a slab of homogeneous material a r e  variational. Therefore, because of the 
stationary character of these expressions the variational procedure was used to deter- 
mine the coefficient of the higher-order mode TE03. This procedure only assures  that 
f o r  the chosen trial  field the solution will best approximate the exact field if it were 
known. 

The admittance values obtained for an aperture covered with varying thicknesses 
of polystyrene material were compared to the results obtained by Galejs (ref. 5) for the 
same material. For  the most part, the calculations for  the assumed trial fields agree 
closely with one another. The major disagreements occur for a thickness of approxi- 
mately 0.5 cm 0.175X0) for conductance and 0.8 cm 0.279X 
crepancies in the two se t s  of calculations can possibly be attributed to the assumptions 
made on the termination of the rectangular aperture; that is, Galejs assumed a small 
guide radiating into a larger  one filled with polystyrene material, whereas this paper 
assumes a waveguide radiating into a laterally unbounded slab of polystyrene material. 
Other sources of e r r o r  could possibly be caused by the actual numerical evaluation of the 
equations on the form of the tr ial  aperture field. For increasing slab thickness, the con- 
ductance and susceptance approach their semi-infinite values in an oscillatory manner; 
that is, the admittance oscillates in a decaying manner about its semi-infinite value. 

for susceptance. The dis- ( ( 0) 
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For plasma slabs the admittance becomes quite insensitive to increases in slab 
thickness, particularly for  overdense plasmas. However, for thin plasma layers, appre- 
ciable changes in admittance values were observed. These observations are in agree- 
ment with Villeneuve (ref. 3). F o r  overdense plasmas a slab thickness of approximately 
1.0 cm (i Xg) can be used to approximate semi-infinite conditions. However, fo r  under- 
dense plasmas, the approximated slab thickness is not s o  well defined. The su.sceptance 
fo r  this case may be inductive or capacitive depending on the thickness; therefore, in 
choosing the thickness to approximate semi-infinite conditions the magnitude as well as 
the phase of the semi-infinite admittance must be considered. 

Two expressions representing the admittance of a rectangular aperture covered with 
The expression for thin layers  assumed slabs of material were derived by Galejs (ref. 5). 

a larger  waveguide termination filled with material  and the expression for  thick layers  
assumed laterally unbounded material. 
culations are valid for  slab thicknesses greater than a wavelength. F o r  the thin-layer 
solution the conductance curves vary smoothly for slab thicknesses l e s s  than a wave- 
length, but, for thicknesses greater  than a wavelength, the curves oscillate. The average 
of this oscillatory plasma conductance was shown to be approximately equal to  the values 
obtained by using the thick-slab solution. Therefore, by using these average values, the 
admittance computations for  this case can be used for all thicknesses. 

In the thick-layer formulation the admittance cal- 

The expressions derived in this paper give a compact representation of the aperture 
admittance for dielectric o r  plasma- coated rectangular apertures. 
regard to thickness a r e  placed on these coatings; hence, the determination of the aperture 
admittances for all thicknesses can be obtained by using the laterally unbounded model, 

No restrictions in 

In reference 3, a qualitative discussion was presented in regard to the different 
effects that plasma and dielectric slabs may have on the aperture admittance. 
essence of this discussion was that dielectric slabs would have a greater effect than the 
plasma slabs. 
stantiate this argument. 
tance in the dielectric slab than in the plasma slab, the effect was small; therefore, the 
computations for  plasma and dielectric slabs can be simplified by assuming only the 
dominant mode in the aperture. 

The 

The calculations obtained with the higher-order-mode assumption sub- 
Although, a slab-thickness change had more effect on the admit- 

For changing slab thickness in the dielectric case a significant change in the elec- 
t r i c  field distribution was observed. However, in the plasma case the distribution ac ross  
the aperture var ies  only slightly for  varying slab thicknesses. A greater  variation in the 
distribution for  the dielectric case is expected since the dielectric slab has a greater  
effect on the aperture admittance than does the plasma slab. For  increasing electron 
density, the electric field distribution for the higher-order-mode assumption is shown to 
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approach the distribution obtained when only the dominant-mode field was assumed. 
agrees  with the general observation made by R. L. Fante in reference 11. 

This 

CONCLUDING REMARKS 

Variational expressions of the admittance of a rectangular aperture covered with 
homogeneous material are derived. The electric field inside the waveguide is assumed 
to  be a dominant mode TEOl plus the first higher-order symmetrical  mode TE03. 
Admittance expressions a r e  also given for semi-infinite media. 

Admittance calculations for polystyrene slabs are given. These calculations are 
shown to agree closely with the results given in the literature. Also given a r e  calcula- 
tions for lossy plasma slabs with electron densities both above and below the critical 

1 density. For plasma slabs approximately equal to or grea te r  than - XO, the medium can 
3 

be considered semi-infinite, particularly for overdense plasmas. 

For  changing slab thickness, the field of the higher-order mode has a greater  effect 
on the admittance more in the dielectric slab than in the plasma slab. However, this 
effect is small; hence, only the dominant-mode field is needed for computing aperture 
admittance. 

For changing slab thickness in the dielectric slab, a significant change in the elec- 
t r i c  field distribution was observed. In the plasma slab the distribution across  the aper- 
tu re  var ies  only slightly for changing slab thickness. 
the electric field distribution for the higher-order-mode assumption is shown to approach 
the distribution obtained when only the dominant-mode field is assumed. 

F o r  increasing electron density, 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Station, Hampton, Va., June 18, 1968, 
125-22-02-02-23. 
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APPENDIX 

PROBLEMS IN INTEGRATION 

The expressions appearing in equations (20) a r e  computed numerically by breaking 
up the integral over p as suggested in tables I and II. Contour plots showing path and 
surface-wave poles f o r  N2 > 1 and N2 < -1 are given in figure 9. For N2 > 1 (real 
dielectrics) the contour integral along the rea l  p axis for the TE and TM admittances 
(yll, y13, and y33) is shown in figure 9[a). Because this time dependence is assumed 

to be ejwt, the branch cut at p = 1 must be chosen as shown to meet the requirements 
for the proper root of &In; that is, 

J 

In the interval between p = 1 and p = m for  
to the susceptance in the admittance expressions for both TE and TM modes. In the range 
from p = 0 to p = 1 the integration contributes both to the conductance and susceptance. 
The only other contribution to the conductance is due to the residues of the simple poles 
in the interval 1 < p < N. The simple poles a r e  termed "surface-wave poles." The con- 
ductance as a result of the surface-wave poles is expressed as 

N2 > 1, the integration contributes only 

L koZo 
n 

When I and m equal 1, equations (A2) a r e  identical to the surface-wave conductance 
appearing in Swift's paper (ref. 6); that is, 

17 



APPENDIX 

L 
n 

n 

QPna COS 

2 

2 

sin2@ da! 

L J 

da! 

2 The poles of g2 and f 2  given in tables I and I1 for N > 1 are found from the zeros  of 

By making the substitution Z = k o Z o b v ,  equations (A4) can be written as 

- 1  fN2 - 2 2  1)k02Z02 
cot z = - 

tan Z = N - - 1  

By plotting each side of equations (A5) as a function of Z to the same scale, the pole 

locations are then found at the intersections of these curves. 
the same form as the equations in Weeks (ref. 12). 

These two equations a r e  of 
The TE surface-wave modes will not 
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APPENDIX 

be present if the proper thickness of material in wavelengths is selected at the onset of 
surface waves (p = l), such that 

Z O  1 - <  
xo 4 i Z - Y  

However, cutoff conditions can be adjusted by changing the thickness in wavelengths to 

correspond to odd multiples of a/2 
or 

is, cot Q Z O i G  = 

1 3 5 

For TM surface-wave modes there  is no cutoff frequency because the lowest TM mode is 
the ze ro  mode. 
integer multiples of Zo/Xo; that is, 

Hence, f o r  the TM mode the thickness in wavelengths corresponds to 

with n = 0, 1, 2, 3, Z O  n Generally, equations (A7) and (A8) a r e  expressed as - = 
4 \ I S  

and so forth with TM having even modes and TE having odd modes. 
tions a r e  computed at the onset of surface waves (p = 1). 
the technique of determining the roots (zeros) of equations (A5) a r e  shown in figure 10 for 
two arbitrary values of k2 = (N2 - l)k02Z02. The cutoff conditions for the TE modes a r e  
at the zeros  of cot Z 
a r e  at the zeros  of tan Z 
ones given by Weeks (ref. 12). 

These cutoff condi- 
Typical sketches exemplifying 

as shown in figure lO(a). The cutoff conditions for the T M  modes 
as shown in figure lO(b). These sketches a r e  s imilar  to the 

For  the case N2 < -1, only a single surface-wave pole occurs for the TM mode. 
No surface-wave Figure 9(b) shows the path of integration and the surface-wave pole. 

poles occur for the TE mode. 
the contribution of the residue to the TM admittance expression is (ref. 6) 

This case discusses a lossless overdense plasma for which 

TM 
gslm 

= -jn 
N2<- 1 

lN21 JO2" ALm COS 2 a! da! 

where po is a root. 
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APPENDIX 

For the lossy case N2 complex no poles occur on the rea l  p axis, therefore 
no difficulties arise in the integrations. However, a proper root change at p = 1 in 
accordance with equations (Al) must be taken into account since this is a branch point. 
The complex index of refraction N is written, in general, as 

where I u = - -  €R (2Y 
€ 0  1 +(;)2 

v = - +  €1 (&)(2)2 
E o  1 +  ($ 

For a lossy dielectric u = v = 0; therefore, 
P 

then 

tan kOZoP - j tanh k 
~ - .  

tan k O Z o i n  = 1 + j tan koZoP tanh koZoQ 

where 

7 

For a lossy plasma eRpO = 1 and = 0; therefore, 

[$ > 1) (A12) 
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then 

APPENDIX 

tan k o Z o P  - j tanh k O Z o Q  

- 1 + j -tan k o Z o P  tanh Q Z o Q  
tan koZof- - 

where 

r 3 1/2 

2 1  
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TABLE I.- T E  COMPONENT OF 

y11 

-lo1 gl lo2" All sin'o.de pdg 

-llm g2 lozn All sin'ado pdp 

-lo1 gl lo2" A11 Sin'ada pdp 

- llN g2 lo2" A11 sin'olda pdp 

-loN gl lo2" A11 sinsoldo pdp 

- l,' g2 lozn A11 sin'ada pdp 

- llm g3 s,"" A11 sin'ado pdp 

2n -lo1 gl lo All  s i n l a d o  pdp 

- llm g2 lo2" All sin'olda pdp 

- s," g2 Jo2" A13 sin'cuda pdp 

- INm g3 lo2" A13 sin'ada pdp 

-loN gl lo2" A13sin2ado pdp 

. 1,' g2 lo2" AI3 sin'ada pdp 

. Jim g3 lo2" A13 sin'ada pdp 

llm g2 lo'" A13 s i n 2 a d a  pdp 

y33 

-lo1 gl lo2" A33 sin'olda pdp 

- llm g2 lo'" A33 sin'ado pdp 

2n -lo1 g l  lo A33 sin'olda pdp 

- llm g2 lo'" A33 sin'ada pdp 

llm g2 lo2" A33 sin'ada pdp 

N 2 = u  - jv where and v =J+ 
EO 1 +($ EO 1 + ($ 
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ADMITTANCE EXPRESSION 

I-. r I - 

1 + j tanh k o Z o i m  /IT7 

Lossy dielectric case  (wp = v = 0): 

{N2 - p2 = P - jQ 

tan koZoP - j tanh koZoQ 

1 + j tan koZoP tanh koZoQ 
tan k o Z o ~ ~  = 

tanh k o Z o m  
l + j  i_N2 

i n = P -  jQ 

tank  Z P - j tanh koZoQ 

1 + j ~anokoZoP tanh kgZoQ 
tan k o z o w =  

25 



TABLE E.- TM COMPONENT OF 
~ 

~2 = u - jv 

N2 > 1 

0 < N 2  < 1 

N 2 < 0  

N2 = u  - jv where and v='+ 

€ 0  1 +($ EO 1 + ($$ 
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i 

ADMITTANCE EXPRESSION 

f l  

/ \ 

Lossy d ie lec t r ic  c a s e  ( w p ' Y ' o ) :  

d = = P - j Q  

t a n k  Z P - j tanh koZoQ 

1 + j tan koZoP tanh koZoQ 
tan k o Z o i m  = , 

- 

Lossy plasma c a s e  3 = 1, 2 = 0): 
6 0  :o 

{ w = P -  jQ 

tan k,,ZoP - j tanh koZoQ 

tan k o z o m  = 1 + j tan koZoP tanh koZoQ 
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Figure 9.- Contour plots showing path and surface-wave poles for N2 > 1 and N2 < -1. 
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Figure 10.- Graphical method of determining cutoff conditions and surface wave poles for TE a i d  TM admittance for N2 < 1. 
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